Two-slit diffraction with highly charged particles: Niels Bohr's consistency argument 
that the electromagnetic field must be quantized 
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We analyze Niels Bohr's proposed two-slit interference experiment with highly charged particles 
that argues that the consistency of elementary quantum mechanics requires that the electromagnetic 
field must be quantized. In the experiment a particle's path through the slits is determined by mea- 
suring the Coulomb field that it produces at large distances; under these conditions the interference 
pattern must be suppressed. The key is that as the particle's trajectory is bent in diffraction by 
the slits it must radiate and the radiation must carry away phase information. Thus the radiation 
field must be a quantized dynamical degree of freedom. On the other hand, if one similarly tries 
to determine the path of a massive particle through an inferometer by measuring the Newtonian 
gravitational potential the particle produces, the interference pattern would have to be finer than 
the Planck length and thus undiscernable. Unlike for the electromagnetic field, Bohr's argument 
does not imply that the gravitational field must be quantized. 



Niels Bohr once suggested a very simple gedanken ex- 
periment to prove that, in order to preserve the consis- 
tency of elementary quantum mechanics, the radiation 
field must be quantized as photons [l| . In the experiment 
one carries out conventional two-slit diffraction with elec- 
trons (or other charged particles) , building up the diffrac- 
tion pattern one electron at a time (as in the experi- 
ment of Ref. 0]). One then tries to determine which slit 
the electron went through by measuring far away, in the 
plane of the slits, the Coulomb field of the electron as it 
passes through the slits. See Fig. 1. If the electron passes 
through the upper slit it produces a stronger field than 
if it passes through lower slit. Thus if one can measure 




FIG. 1: Two slit diffraction with single electrons, in which 
one measures the Coulomb field produced by the electrons at 
the far-away detector. 
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the field sufficiently accurately one gains "which-path" 
information, posing the possibility of seeing interference 
while at the same time knowing the path the electron 
takes, a fundamental violation of the principles of quan- 
tum mechanics Q. 

In an experiment with ordinary electrons of charge e 
the uncertainty principle prevents measurement of the 
Coulomb field to the required accuracy, as we shall see 
below, following the prescription of Bohr and Rosen- 
feld for measuring electromagnetic fields 0, [E]- How- 
ever, as Bohr pointed out, one can imagine carrying out 
the same experiment with (super) electrons of arbitrar- 
ily large charge, Ze, and indeed, for sufficiently large Z, 
one can determine which slit each electron went through. 
However, elementary quantum mechanics requires that 
once one has the capability of obtaining which-path infor- 
mation, even in principle, the interference pattern must 
be suppressed, independent of whether one actually per- 
forms the measurement. 

Underlying the loss of the pattern is that the elec- 
tron not only carries a Coulomb field, but also produces 
a radiation field as it "turns the corner" when passing 
through the slits. The larger the charge the stronger is 
the radiation produced. This radiation must introduce 
a phase uncertainty in order to destroy the pattern, and 
so itself must carry phase information; thus the electro- 
magnetic field must have independent quantum degrees 
of freedom. Were the quantum mechanical electrons to 
emit classical radiation, the emission would produce a 
well-defined phase shift of the electron amplitudes along 
the path, which while possibly shifting the pattern, as in 
the Aharonov-Bohm effect [6], would not destroy it. In 
a sense the suppression of the pattern is an extension of 
the Aharonov-Bohm effect to fluctuating electromagnetic 
potentials (discussed by Aharonov and Popescu Q)- 

Our object in this paper is to carry out a detailed 
analysis of the physics implicit in Bohr's suggested ex- 
periment. After describing the experiment more fully, 
we determine the strength of charge needed to measure 
the Coulomb field at large distances sufficiently accu- 
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rately. We then analyze how coupling of the particle 
to the quantized electromagnetic field in diffraction sup- 
presses the interference pattern, with increasing charge, 
before Coulomb measurements can yield which-path in- 
formation. 

The first experiment that revealed effects of quantiza- 
tion of the electromagnetic field in interference is that of 
Grangier et al. |8i] , which showed how interference of sin- 
gle photons differs from classical interference. The loss of 
particle coherence in interferometry due to photon emis- 
sion was first demonstrated by Pfau et al. Q , and due to 
photon scattering by Chapman et al Various works, 
both theoretical and experimental, have discussed deter- 
mining the path of charged particles in the double-slit 
problem, but none, it seems, in connection with Bohr's 
proposed experiment. The theoretical possibility of dis- 
tinguishing paths by measurement of the photon field is 
discussed in Ref. fTl'|, while Refs. [l^ and [l^ discuss de- 
termining the path through detection of the electric field 
inside the loop of the paths. See also Stern et al. [14|] on 
decoherence due to the interaction of charged particles 
with the gauge field. Experimental attempts to measure 
which-path information using interferometers fabricated 
in high-mobility two-dimensional electron gases include 

Refs. 

A natural question to ask is whether by measuring the 
Newtonian gravitational field produced by the mass of 
a particle as it diffracts, one can similarly gain which- 
path information; as we show, the answer is that one 
can, for sufficiently large mass. However, one cannot 
conclude in this case that the gravitational field must 
also be quantized, since for masses for which one can 
determine the path, the fringe separation in the diffrac- 
tion pattern would shrink to below the Planck length, 
^pi = (G^i/c^)^/^, where G is Newton's gravitational con- 
stant and c is the speed of light. However, position mea- 
surements are fundamentally limited in accuracy to scales 
~ £pi [l8| . and thus distinguishing so a fine pattern can- 
not be carried out. Unlike in the electromagnetic case, 
where the interference pattern is suppressed due to de- 
coherence caused by the radiated photons, the pattern 
in the gravitational case becomes immeasurably fine, not 
because the particles radiate quantized gravitons. 



I. MEASUREMENT OF THE COULOMB FIELD 

In the experiment sketched in Fig.[l]a charged particle 
enters the apparatus from the left side, goes through a 
double slit, and hits the screen (6). The spacing of the 
slits is d, and L is the distance from the particle emitter 
(a) to the screen. The Coulomb field of the electron 
is measured at distance ~ i? in the plane of the slits, 
sufficiently far away from the apparatus that there can 
be no back-reaction from the distant measurement of the 
electromagnetic field. Thus R ^ cT, where T is the time 
of the flight of the particle, ~ L/v, with v the particle 
velocity. We consider only non-relativistic particles, in 



which case the longitudinal Coulomb field of the electron 
at distance R ^ cT is larger than the transverse radiation 
field by a factor ~ c/v. We assume that the Coulomb 
field is determined by the charge in the usual manner. 

To distinguish whether the particle goes through the 
upper or lower slit one needs to measure the electric field 
to at least an accuracy Ze{l/ R^ — 1/ {R + d)'^) Zed/R^ 
(with d <C i?). The quantum limit on the measurabil- 
ity of a weak electric field E was obtained by Bohr and 
Rosenfeld [1, [H . In an early discussion of such a quan- 
tum measurement. Landau and Peierls [Toj noted that 
if one attempts to measure the field by its effect on a 
point charge, radiation recoil introduces uncertainties in 
the measurement that diverge for short measuring times, 
and thus concluded that "in the quantum range . . . the 
field strengths are not measurable quantities." To avoid 
this problem, Bohr and Rosenfeld envisioned measuring 
the average of the electric field over a region of space- 
time, using an extended apparatus consisting of an object 
A of mass M and volume Va with extended charge Q, 
tethered by Coulomb forces to a similar object B with 
background charge ~Q. See Fig. O The background 
charge is fixed in space, but A is displaced by an electric 
field from its equilibrium position. The apparatus mea- 
sures the field by detecting the deflection of A from its 
equilibrium position. The net equilibrium charge density 
of the apparatus is zero in the absence of an external 
fleld that displaces the object from the background. In 
their analysis they flrst assume quantization of the elec- 
tromagnetic field, and show how vacuum fluctuations of 
the field in the region limit the accuracy of field mea- 
surements. They then go on to show that the accuracy 
of the measurement of a single field is limited by the un- 
certainty principle applied to the apparatus, without the 
need to invoke field quantization. We give a schematic 
derivation of this result (see also the recent discussions 
in Refs. [13, HH,!!!.) 

The relative motion of A and _B is a harmonic oscillator 
whose frequency uj is readily derived from the familiar 
expression for the plasma frequency {uSp = Airne'^ /m), 
namely = AttQ^ /MVa- When A is displaced relative 
to _B by a distance x, the restoring force acting between 
them is 

F = -Mu'^x = -AttQ'^x/Va. (1) 

Thus, an external field acting on A for time T' changes 
the momentum of Ahy px — [E^Q — '^ttQ'^ x /Va)T' , from 
which one would deduce an electric field, 

E., = ^tiQx/Va + P./QT'. (2) 

Since Px and x obey the uncertainty relation, 5x5px <^ 
h, we see from minimizing the right side of Eq. ^ with 
respect to Sx that the uncertainty in the measurement of 
Ex is independent of Q, an d given by the Bohr-Rosenfeld 
relation, SEx ~ y/K/V^T' . For simplicity we assume cu- 
bic geometry of A and B, with Va = C"^, The measure- 
ment time T' is at most the time of fiight, T, since further 
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increasing the measurement time does not help to distin- 
guish the paths; thus we take T' = T. In addition the 
length ^ of interest is at most the Coulomb pulse width, 
cT, since a longer size does not help to distinguish the 
paths either. With ^ — cT, we obtain the limit of accu- 
racy of the measurement of the Coulomb field: 



(3) 
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FIG. 2: Bohr-Rosenfeld apparatus for measuring the electric 
field. The positively charged object A slides on the negatively 
charged fixed object B. 

To estimate the critical scale of charge of particles 
above which one begins to be able to distinguish the path, 
we take the measuring apparatus to be located from R 
to R + above the upper slit. Then, when a particle 
with charge Ze passes through the upper slit, the aver- 
age Coulomb field in the apparatus is 



Ze 



1 



rdx — 



Ze 



R{R + i) ' 



(4) 



Similarly, the average electric field when the particle 
passes through the lower slit is Ze/(i? -I- -I- c? -I- ^), 
where d is the slit interval. Hence to distinguish the 
paths the apparatus needs to distinguish an electric field 
difference 



Ze{2R^i) 



(5) 



a decreasing function of ^. Since to measure the path, 
one needs AE > 5E (the measurement uncertainty), or 



Ze > 



d{2R + d) V^^r' 



(6) 



With ^ ~ i? ^ cT wc find that the scale of critical charge 
Zi above which one can begin to distinguish the path is 



Zi 



1 cT 
Ja d ' 



(7) 



where a = e^ /he is the fine structure constant. Note 
that Zi ^ 1, so that one could never detect the path 
with ordinary electrons or other particles of charge ~ |e|. 
For illustration, from the parameters corresponding to 
the experiment of Ref. : d ~ 1 /im, and cT « 6 cm, we 
estimate Zi ~ 7 x 10^. 

One can in fact, for general Z, determine partial in- 
formation on the paths, the amount of information in- 
creasing with Z. Writing p{Du,l) as the probability of 
the particle having taken the lower path and the detec- 
tor detecting it to have taken the upper path, p[D^,u) 
as the probability of the particle having taken the upper 
path and the detector detecting it to have taken the up- 
per path, etc., one can quantify the information in terms 
of the distinguishability V [H, [H, [H, [111 



V ^\p{Du,u)~p{Di,u)\ + \p{Di,l)-p{Du,l)\. (8) 

Since p{Du,u) +p{Duu) +p{Di,l) +p{Du, l)^l,V<l. 

To calculate V we note that the detector determines 
the electric field through simultaneous measurement of 
the position and momentum, which leads to a Gaussian 
uncertainty of width SE in the measured value of the elec- 
tric field from the expected value. For the particle taking 
the upper path, producing an expected (averaged) elec- 
tric field Eu at the detector, the probability distribution 
of the measured electric field is 



PuiE) 



1 



(9) 



with a similar expression for the field distribution P; (E) 
for the lower path in terms of the expected Since 
Eu > El, we can for simplicity regard the detector as 
having detected the particle taking the upper path if the 
measured value of the electric field is greater than (£'„ -t- 
Ei)/2, and as having taken the lower path otherwise. 

With the assumption that the amplitudes for the par- 
ticle taking the upper and the lower paths are equal in 
magnitude, which is true if the two slits are located sym- 
metrically, then 



p{Du,u) 



Pu{E)dE 



p{Di,u), (10) 



with similar equations for p{Di,l) and p{Du,l)- With 
AE ~ Eu — El, the distinguishability becomes 



1 



AE/2\/2SE 
-AE/2V2SE 



^^'dx = erf(Z/2V2Zi), (11) 



where erf(x) is the error function. We plot V in Fig. 3 
below for the parameters of Ref. [3] . 



II. LOSS OF INTERFERENCE 

We turn now to the question of how for sufficiently 
large charge (which should be ^ Zi) the interference 
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pattern fades out. The basic physics is that the par- 
ticle radiates when being accelerated by the slits, and 
undergoes a random change in its phase because it is 
coupled to a dynamical degree of freedom, the quantized 
radiation field. We do not take into account any quan- 
tum degrees of freedom associated with the slits, i.e., we 
assume that they act effectively as a potential on the 
electron. The pattern on the screen is proportional to 
E/(l/3«(&,/) + /3/(6,/)P) where Mb J) is the ampli- 
tude for the particle to go through the upper slit to point 
b on the screen, with the electromagnetic field going from 
its initial state |0) (the vacuum) to final multi-photon 
state I/), and A (6, /) is the amplitude for the particle to 
take the lower trajectory. 

The interference pattern thus has the relative intensity. 



lib) 



2ReE/ mbJTMbJ)) 

EfiiPuibjw + mbjw)- 



(12) 



Although it is possible to carry out a full quantum cal- 
culation of the radiation emitted in diffraction, its es- 
sential features are brought out if we make the simplify- 
ing assumption that the charged particle follows a single 
straight trajectory along either the upper or lower path 
from the emission point a to a given point b on the screen 
(see Fig. 1). and thus the emitted radiation has only the 
effect of changing the phase of the electron amplitude. 
Then 



/3uibJ)^{f\Uu\0)f3l 



(13) 



where is the simple quantum amplitude in the absence 
of the electromagnetic field, and 



(iZe/hc) J dlA(r,t) 



(14) 



where A(f, t) is the electromagnetic field operator, and 
the integral is time ordered (denoted by the subscript 
"+") along the path. From Eq. ([Tc 



Y.\Pu{bjr^{uluM''^W, 
f 

^|A(6,/)p^|A°P, (15) 
/ 



and 



f3i{b, /)*/3„(6, /) = (C//;7„)/3°(6)*/3°(6), (16) 

/ 

where the brackets denote the electromagnetic vacuum 
expectation value. Thus 



(iZe/hc) J dlA(r,t) 



(17) 



where the subscript c denotes the time ordering of the 
contour integral from emission to the screen along the 
upper path and then negatively time-ordered from the 



screen back to the emission point along the lower path. 
This expression is the expectation value of the Wilson 
loop around the path u — I [l^l . Since the free quantum 
electromagnetic field is Gaussianly distributed in the vac- 



(18) 



where 



Writing 



^u-i = {{<!> M-A{f,t)] ). (19) 



([//[/„) = Ve-<, 



(20) 



where the visibility V — \{UlUu)\ is < 1, and the phase 
shift C is real, we have 



^ 2Re(/3°(b)*/?°(6)e-<) 



(21) 



The coupling to the radiation field reduces the inten- 
sity of the interference pattern by V, as well shifting it via 
C,. By symmetry, the shift vanishes at the center point on 
the screen (and is otherwise not relevant to the present 
discussion). Since the Coulomb field does not enter the 
states of the radiation field in V, Eq. (PT|) gives a valid 
description of the interference pattern whether or not an 
attempt is made to distinguish paths by detecting the 
Coulomb field at large distances. 

The real part of entering the visibility, is given 

by the same integrals as in Eq. (jl9p without time ordering 
along the contour, since j{r^ t) ■ A{f, t) is Hermitian [28j : 



Re$n-; 



(22) 



To estimate the visibility we write the free elec- 
tromagnetic field operator in terms of photon 
annihilation and creation operators: ^(r, t) ~ 
EfcEA,(2^^c/fcf])i/2(afeAfce*(^-^^-"*) + /i.e.), where 

the A are the photon polarization vectors, uj = ck, and 
is the quantization volume. For non-relativistic motion 
{v ^ c) along a classical trajectory. 



Re = 



hcd^k 
(2^ 

_ 2hc 
~ 37 



E 



kdk 



dte 



u — l 



(23) 



With the simplifying assumption that on the upper path 
the velocity undergoes a sudden change at the slits, from 
vi to vi' (see Fig. 1), and from V2 to V2' through the 
lower slit, then in the limit of large time of passage, uuT ^ 
1, 



dte 



V(t) = -{vi 



u-l 



Vl 



V2 + V2 



(24) 
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For Lo ^ 1/T, the integral is proportional to T. Near the 
center of the pattern, V2' — Vi and ' ~ 1/2 , so that 



die 



u—l 



4 



and 



logV : 



duj- 



l/T 



(25) 



(26) 
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The integral over uj, nominally logarithmically divergent 
at large w, is physically cut off by Wmax, the maximum 
frequency of emitted photons, which from energy conser- 
vation cannot exceed mv^ jlh = ttv / \, where A is the de 
Broglie wavelength of the interfering particle. The lower 
cutoff is effectively l/T; hence 
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distinguisliability^ , ' ' ' 











4x10'' 



8x10^ 1.2x10^ 1.6x10^ 



logV 



(27) 



Equation (P7)l is essentially the non-relativistic limit of 
the result of Ref. [H. For L > d, {vi - ^ {'2d/Tf, 
and finally, (S^l 



V ~ exp 



, 16a d^ 

(cT)' 



log(7rL/A) 



(28) 



Since the path length must be many de Broglie wave- 
lengths, the charge Z2 above which the visibility becomes 
less than 1/e^ obeys. 



FIG. 3: Visibility and distingishability vs charge for the pa- 
rameters of Ref. for which the characteristic charge Zi 
for distinguishing paths by measuring the Coulomb field is 
~ 7 X 10'', and the characteristic charge Z2 for loss of inter- 
ference is ~ 1.5 X 10^. Also shown is + 7)'^ (dotted hne). 



of the reduction of the pattern in terms of a random flux 
requires photon emission processes, and is equivalent to 
the present discussion. Indeed, for the subset of processes 
in which there is no photon emission, the modification of 
the interference pattern is given by [cf. (HH)], 

where the brackets denote states with zero photons. Now 



Z. 



cT 



1 



< 



cT 



d^ [log(7rL/A)]i/2 



<Zi. (29) Relog(C/0-- 



Z^a 



1 kdk 


(f e-'^'v{t) 




J U 



ilogV(32) 



The visibility and distinguishability are closely related; 
as Z increases the interference pattern fades away on the 
scale Z2 , while the distinguishability of the paths by mea- 
surement of the Coulomb field grows on the scale Zi. 
Quantitatively, 



= exp 




Z 



\2V2Z1, 

^ f{Z). (30) 



Since /(O) = /(oo) = 1, and for Z2 < 8Zi/V3 and < 
Z < 00, f{Z) < 1, namely 



+ < 1, 



(31) 



in agreement with the inequality derived by Jaeger et al. 
[23 | and Englert [2^ . Figure [3] shows the visibility and 
distinguishability as functions of Z, as well as -t- 1?^, 
for the parameters of the experiment of Ref. 0, given 
above. With these parameters, log(7rL/A) ~ 20. 

A simple interpretation of the decrease in visibility, 
in terms of the Aharonov-Bohm effect Q, is that the 
closed electron loop, u — l, encircles a fiuctuating electro- 
magnetic field which shifts the interference pattern ran- 
domly, thus tending to wash it out. The interpretation 



the reduction refiects the loss of forward-scattering am- 
plitude owing to photon emission processes. Thus, the 
zero-photon emission pattern is multiplied by a fac- 
tor V^/^; the suppression of the zero-photon pattern at 
charge \/2Z equals the suppression of the total visibility 
at charge Z. The phase of ([//)([/„) is essentially pro- 
portional to the difference of real parts of the electron 
self-energy corrections on the upper and lower paths, cor- 
rections that do not contribute to the diminution of the 
interference pattern. 



III. MEASURING THE PATH BY GRAVITY 

Finally, we ask if it is possible to detect the path by 
measuring the fluctuations in the (Newtonian) gravita- 
tional potential at large distance as a particle of suffi- 
ciently large mass passes through the slits. In this sce- 
nario, the Newtonian gravitational field plays the role of 
the Coulomb field for charged particles. We consider de- 
tecting the change of the Newtonian gravitational field 
by using a modern gravity wave detector, e.g., a highly 
sensitive laser interferometer [3l] | (a measurement not 
equivalent to detecting possible gravitational radiation 
produced by the mass going through the slits). Figure 
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|4] sketches such a detector. As before, the x-axis hes in 
the plane of the shts. We assume that the mirrors in the 
detector are tied down in the lab frame; to a first ap- 
proximation, the distance between the mirrors (or equiv- 
alently the ends of a Weber bar) is a harmonic degree of 
freedom, with oscillator frequency, oj (which includes the 
gravitational attraction of the two mirrors). 




FIG. 4: Gravitational field detector 

We derive schematically the response of the detector 
to a Newtonian gravitational potential (f){x,t). In the 
presence of (j), the positions of the mirrors, x±, obey the 
Newtonian equations of motion. 



d^x± 



= Tk^^[x+{t) - x-{t) - 5] - 0'(x±), (33) 



with S the equilibrium distance between the mirrors, and 
the prime denoting differentiation with respect to x. We 
write x± = xq ± (5 + r/)/2, where xo is the midpoint 
between the mirrors in equilibrium, and 77 is the relative 
displacement of the mirrors caused by the gravitational 
pulse. Then linearizing in rj and 0" we have 



-OJ7j{t)-cj)"{xo)S. 



(34) 



For simplicity we assume that (f) is zero before the grav- 
itational pulse reaches the detector, and is constant 
in time during the detection. With initial conditions 
7y(0) = 77' (0) = 0, we obtain 



rj{t) = -(/."(xo)^ 



1 — cos Ujt 



(35) 



The accuracy required for the measurement of (j3"{xo) 



IS 



A(j)"{xo) = 2Gm 



1 



Gmd 



(36) 



where m is the mass of the particle, and the measuring 
apparatus, as before, is at a distance R from the slits. 
Thus, since 1 — cosut < {u!t)'^/2, one needs to measure rj 
to an accuracy. 



, / GmdST^ Gmd 
A?7 < — < 



i?4 



(37) 



which implies that the mass scale for which one can begin 
to distinguish the path obeys. 



Gm^ 



> 



AtjV fR^ ^ 



he \dj ■ ^^^^ 

Physically the uncertainty A77 must exceed the Planck 
length [34], and thus 



Gm^ > 
he \ d 



(39) 



the mass scale must be a factor R/d larger than the 
Planck mass, y^hc/G - 2 x 10"^ g. For - 6 x 10"* 
[3], the scale would have to be of order 1 g. 

The interference pattern caused by a particle whose 
mass obeys the condition ((39)) has a fringe separation, 



L h ^ cT ^ 
d mv R 



(40) 



which implies that when the mass is large enough to 
allow which-path detection via gravity, the pattern be- 
comes immeasurably fine, of order the Planck length or 
shorter. This result assures the consistency of quantum 
mechanics; however, unlike in the electromagnetic case, 
consistency does not require that the gravitational field 
be quantized [1^. (Although a decrease of the visibil- 
ity of the pattern would arise were gravity quantized, as 
in the electromagnetic situation, detailed calculations of 
the diminution would depend on the detailed theory of 
quantized gravity assumed, an issue we do not address 
here.) 

In summary, when one can distinguish the path of 
a particle by measuring the electromagnetic or gravita- 
tional field at large distance, interference disappears. For 
large enough charge on the interfering particle, emission 
of quantized electromagnetic radiation destroys the inter- 
ference, while for large enough mass, the pattern becomes 
too fine to be discerned. 
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